
Jan 1999

Day 2, Q2

Consider the expansion

1

1− z − z2
=
∞∑

n=0

cnz
n

(a) Prove that the coefficients cn satisfy cn = cn−1 + cn−2, n ≥ 2.

Solution. Rewrite the equality above as

1 = (1− z − z2)
∞∑

n=0

cnz
n

= c0 + (c1 − c0)z +
∞∑

n=2

(cn − cn−1 − cn−2)z
n

This implies then, in order for the equality above to hold

c0 = 1

c1 − c0 = 0

cn − cn−1 − cn−2 = 0 ∀n ≥ 2

(b) Find the radius of convergence of the series.

Solution. We would like to view the function on the left as a function of a complex variable.
In this case, we know that the function has a convergent power series expansion from the
origin of the complex plane to the nearest pole.

The roots of the equation 1− z − z2 = 0 are z1,2 = 1±
√

5
2

. The nearest pole lies along the

circle of radius R =
√

5−1
2

. This is the radius of convergence.

♣

Day 2, Q3

Derive a two-point Gaussian quadrature to approximate the integral∫ ∞
0

f(x)e−xdx

for bounded, C∞ functions f(x) on [0,∞).

Solution. We would like to derive a set of orthogonal polynomials using an L2 norm weighted
with the function e−x and then evaluate the function f(x) at the roots of the nth polynomial.
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For this problem, n = 2. Start with the standard definition, P0(x) = 1 (
∫∞

0
P 2

0 (x)e−xdx = 1).
Now, we want a P1(x) = ax+ b s.t.∫ ∞

0

P 2
1 (x)e−xdx = 1 and∫ ∞

0

P1(x)P2(x)e−xdx = 0.

Carrying out the integration∫ ∞
0

P 2
1 (x)e−xdx =

∫ ∞
0

(a2x2 + 2abx+ b2)e−xdx

= 2a2 + 2ab+ b2 = 1∫ ∞
0

P1(x)P0(x)e−xdx =

∫ ∞
0

(ax+ b)e−xdx

= a+ b = 0

which leads to the system

a = −b
=⇒ 2b2 − 2b2 + b2 = 1

=⇒ b = −1, a = 1

So, P1(x) = x− 1. To find P2(x) = ax2 + bx+ c, we evaluate the integrals∫ ∞
0

P 2
2 (x)e−xdx = 12a2 + 12ab+ 4ac+ 2b2 + 2bc+ c2 = 1∫ ∞

0

P2(x)P1(x)e−xdx = 6a+ 2(b− a) + (c− b)− c = 0∫ ∞
0

P2(x)P1(x)e−xdx = 2a+ b+ c = 0

The solution of which is a = 1
2
, b = −2, c = 1. So, P2(x) = 1

2

(
x2 − 4x+ 2

)
.

The roots of P2(x) are x1,2 = 2±
√

2. These are the nodes for Gaussian quadrature. Now,
we need to find the associated weights.

We need the Gaussian quadrature to be exact for f(x) = 1 and f(x) = x (and higher
order xn if we desired more points to the interpolation, but we only need 2 to solve the linear
system).∫ ∞

0

1e−xdx = Af(2 +
√

2) +Bf(2−
√

2) = A+B = 1∫ ∞
0

xe−xdx = Af(2 +
√

2) +Bf(2−
√

2) = A(2 +
√

2) +B(2−
√

2) = 1
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Solving for A,B yields

A =
2−
√

2

4

B =
2 +
√

2

4

So the two-point Gaussian quadrature is∫ ∞
0

f(x)e−xdx ≈ 2−
√

2

4
f(2 +

√
2) +

2 +
√

2

4
f(2−

√
2)

♣

Day 2, Q4

For s 6= 0, solve

xu′′ − u′ + (1− x)u = δ(x− s)

with boundary conditions limx→±∞ = 0.

Hint: ex is a solution of the homogeneous equation.

Solution. We already have one solution u1(x) = ex to the homogeneous equation. To find
the second, try u2(x) = v(x)ex for some yet to be determined function v. Plugging u2(x)
into the ODE yields

xv′′ex + v′(2x− 1)ex = 0

=⇒ v′′ +

(
2− 1

x

)
= 0

=⇒ ln v′ = lnx− 2x+B

=⇒ v′ = Bxe−2x

=⇒ v(x) = B

(
x− 1

2

)
e−2x

=⇒ u2(x) = v(x)ex = B

(
x− 1

2

)
e−x

In order to satisfy the boundary conditions, we need that the solution to the left of s is of
the form

uL(x) = CLe
x

and the solution to the right of s is of the form

uR(x) = CR

(
x− 1

2

)
e−x
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To solve the given differential equation, we need to apply the condition of continuity at
x = s. Equating uL(s) = uR(s) gives the relation

CLe
s = CR

(
s− 1

2

)
e−s

=⇒ CL = CR

(
s− 1

2

)
e−2s

Now, apply the jump condition at x = s of strength 1
s
. The jump condition is

duR

dx

∣∣∣∣
x=s

−duL

dx

∣∣∣∣
x=s

=
1

s
.

Using this condition gives the final relation needed to solve the equation. The coefficients
are

CL = −
s(s− 1

2
)

2(s− 1)
e−s

CR = − s

2(s− 1)
es

The solution is

u(x; s) = −
s(s− 1

2
)

2(s− 1)
ex−s − s

2(s− 1)
es−x.

♣

Day 2, Q5

Show that there is no smooth solution u(x) of the following boundary value problem.

uxx + u(1− u)(u− 1

4
) = 0, x ∈ (−∞,∞)

lim
x→∞

u(x) = 1

lim
x→−∞

u(x) = 0

lim
x→∞

u′(x) = 0

lim
x→∞

u′(x) = 0

Hint: multiply the equation by ux.

Solution. Take the hint and the equation becomes

uxxux + uux(1− u)(u− 1

4
) = 0, x ∈ (−∞,∞)

uxuxx − uxu
3 +

5

4
uxu

2 − 1

4
ux = 0.
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Use the relations uxuxx = 1
2

d
dx

(u2
x) and uxu

n = d
dx

(
un+1

n+1

)
. The differential equation becomes

d

dx
(u2

x −
u4

4
+

5

12
u3 − 1

8
u2) = 0

Now, by the FTOC ∫ x

−∞
(u2

x −
u4

4
+

5

12
u3 − 1

8
u2)dx = C.

From the boundary condition limx→∞ u(x) = 1, it is implied that the C = 1
24

. However,
when we consider the boundary condition limx→−∞ u(x) = 0, it is implied that the C = 0.
This is a contradiction.

Therefore, there is no smooth solution u(x) of the given boundary value problem.

Day 2, Q6

Define a sequence of distributions by

Tn(φ) =

∫ ∞
−∞

φ̂(k)tn(k)dk

where tn(k) = n2t(nk) and t(k) is given by the graph below. φ̂(k) is the Fourier transform
of φ(x):

φ̂(k) =
1√
2π

∫ ∞
−∞

e−ikxφ(x)dx

Let T = limn→∞ Tn, where the limit is taken in the sense of distributions. Give an explicit
formula for T .

Solution. Use a taylor expansion for φ̂(k)

φ̂(k) = φ̂(0) + kφ̂′(0) +O(k2)

Now, the integral for Tn(φ) becomes∫ ∞
−∞

tn(k)dk =

∫ ∞
−∞

[φ̂(0) + kφ̂′(0) +O(k2)]tn(k)dk

= φ̂′(0)

∫ ∞
−∞

ktn(k)dk +

∫ ∞
−∞
O(k2)tn(k)dk, k̃ = nk

Through the variable substitution, it the second integral has a 1
n

leading term. Therefore,
in the limit as n→∞ the second integral goes to zero. So

lim
n→∞

Tn(φ) = lim
n→∞

2

[
n2

∫ 1
2

0

k̃

n
2k̃
dk̃

n
+ n2

∫ 1

1
2

k̃

n
2(1− k̃)

dk̃

n

]
=

1

2
φ̂′(0)

So, in distribution, Tn → δ̂′(k).
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♣

Day 2, Q7

For n = 0, 1, 2, . . . , a function fn on the real line is defined by

fn(x) =

(
d

dx
− x
)n

e−x2/2

The fn are eigenfunctions of a self-adjoint operator H on L2(R, dx) with distinct eigenval-
ues λn. Given that the polynomials are dense in L2(R, e−x2

dx), show that in L2(R, dx),{
fn

||fn||

}∞
n=0

is an orthonormal basis.

Here, L2(R, dx) denotes the Hilbert space of real-valued functions over the real line with∫
f 2dx <∞. It is equipped with the inner product (f, g) =

∫
fgdx.

Solution. Since H is self-adjoint, the following is true

(Hfn, fm) = (λnfn, fm) = λn(fn, fm)

(Hfn, fm) = (fn, Hfm) = (fn, λmfm) = λm(fn, fm)

=⇒ (λn − λm)(fn, fm) = 0

But, since H has distinct eigenvalues, for m 6= n (fn, fm) = 0. So the set {fn} is orthogonal.

By definition then

{
fn

||fn||

}∞
n=0

is an orthonormal set. Now, we need to show that this set is

a basis.

To do this, first recall that polynomials are dense in L2(R, e−x2
dx), given φ ∈ L2(R, e−x2

dx)
there is a polynomial P such that ||φ− P ||L2(R,e−x2dx) < ε. Let N = deg(P ).

fn(x) = pn(x)e−x2/2, where pn is an nth degree polynomial

so p1, . . . , pn form a linearly independent set. With this set, we can expand the polynomial
P in terms of elements of the set.

P =
N∑

k=1

akpk

So, given a φ ∈ L2(R, e−x2
dx), and ε > 0, there is an N ∈ N and a1, a2, . . . , an ∈ R s.t.

||φ−
N∑

k=1

akpk||L2(R,e−x2dx) < ε.
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then ∫ ∞
−∞
|φ(x)−

N∑
k=1

akpk|2e−x2

< ε2

∫ ∞
−∞
|φ(x)e−x2/2 −

N∑
k=1

akpke
−x2/2|2 < ε2

||φ(x)e−x2/2 −
N∑

k=1

akpke
−x2/2||L2(R) < ε

But, since φ ∈ L2(R, e−x2
dx) then φe−x2 ∈ L2(R, dx). Therefore, given any ψ ∈ L2(R, dx),

and ε > 0, there exists N ∈ N and a1, a2, . . . , aN ∈ R s.t.∣∣∣∣∣∣∣∣ψ − N∑
k=1

akpke
−x2/2

∣∣∣∣∣∣∣∣
L2(R)

< ε

Therefore, given any function in L2(R, dx), it can be represented by a linear combination of

elements from the orthonormal set {fn}. Hence,

{
fn

||fn||

}∞
n=0

is an orthonormal basis.

♣

Day 2, Q8

Show that for every real N ×N matrix A there exists an invertible real N ×N matrix U
and a real block-diagonal matrix B such that

U−1AU = B =


B1

B2

. . .

Bm−1

Bm


where each block Bk has either the form

Bk =


λk 1

λk 1
. . . . . .

λk 1
λk


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for some real λk, or the form

Bk =



αk βk 1 0
−βk λk 0 1

αk βk 1 0
−βk αk 0 1

. . . . . .
. . . . . .

αk βk 1 0
−βk αk 0 1

αk βk

−βk αk


for some real αk and βk with βk 6= 0. All matrix elements which are not shown are zero.
Hint: consider the Jordan normal form.

Solution. For an eigenvalue whose geometric multiplicity is equal to the algebraic mul-
tiplicity, the Jordan block does not have ones along the super-diagonal...strictly diagonal,
otherwise the ones will be present along the super-diagonal.

Now suppose that we don’t have access to the complex numbers.

If A is a real matrix, then any complex eigenvalues and eigenvectors come in conjugate
pairs.

If A is real and λ = α + iβ is an eigenvalue with eigenvector u, then λ̄ = α − iβ is an
eigenvalue with eigenvector ū.

Suppose A is real and Au = (α + iβ)u.

A(uR + iuI) = (α + iβ)(uR + iuI)

AuR + iAuI = (αuR − βuI) + i(βuR + αuI)

↓
AuR = αuR − βuI and

AuI = βuR + αuI

A(uR uI) = (αuR − βuI βuR + αuI)

= (uR uI)

(
α β
−β α

)
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